ABSTRACT. This paper develops the approach to the evaluation of a class of infinite series that involve special products of binomial type, generalized harmonic numbers of order 1 and rational functions. We give new summation results for certain infinite series of non-hypergeometric type. New formulas for the number π are included.
Introduction
The number π has been in the centre of view of mathematicians for centuries. Lambert proved the irrationality of π in 1761 and in 1794 Legendre proved that π is not a square root of a rational number. See also [10] . In 1882 Lindemann comes with the proof that π is a transcendental number. Up to date there exist more than 50 different proofs of the transcendence of π. Among them let us mention e.g. [9] . There is a lot of ways how to express the number π. The purpose of this note is to develop a new class of series summing up to π. These series involve the central binomial coefficient . Such types of Cantor and factorial series can be also found in [11] - [15] or in [19] . Other important results with evaluations and transformations of infinite series can be seen in [1] , [5] , [7] , [16] , [18] , [21] or [22] .
Similar importance play harmonic numbers of order 1 defined by H n := n j=1 1 j for every positive integer n which can be expressed with the help of various definite integrals or infinite series. Harmonic numbers arise by the transformations of the Riemann function ζ(x). Significant results involving infinite series with the term H n were presented by many authors, c.f. [6] or [8] . An interesting consideration connected with harmonic numbers is presented in [20] .
It is not typical to analyse the infinite series with harmonic numbers, binomial coefficients and a rational function. We generalize the construction of such infinite series by considering the generalized harmonic numbers of order 1 and a product of the binomial type introduced in the next definitions. A similar type of this infinite series occurs by the computation of the hyperbolic volume V of the Haleman Ferguson's sculpture Figure - Eight Complement II, see [4] .
Ò Ø ÓÒ 1.1º For every ordered pair (α, n) ∈ R + × N, we define the generalized harmonic number H n (α) by
Similarly as the usual harmonic numbers H n (1), there exists a known integral
The identities are valid for all (α, q) ∈ R 2 with |q| > 1 and α ≥ 1.
BINOMIAL SUMS INVOLVING HARMONIC NUMBERS
Using the definition of Beta function B(x, y) by means of the Eulerian integral, we obtain the integral representation of the term ϕ n in the form
for every positive integer n.
In the later considerations of the infinite series with harmonic numbers, central binomial coefficient 2n n and a rational function, we introduce the notation φ 1 (q) and φ 2 (q) for the infinite series
n which sums are not known in closed form.
Main results
In this section we give the overview of the main results connected with infinite series involving generalized harmonic numbers H n (α), products of binomial type and rational functions.
dx (4) and
Example 2.1.
Then
Example 2.3. The following identities hold 
Here L −3 (2) denotes the Dirichlet L-series defined as
where −3 n is the Kronecker symbol, see [3] . Thus the formulae in (9) and (10) can be written in a more compact form as
This identities shows that the irrationality of the values φ 1 (1) and φ 2 (1) depends essentially on the algebraic character of the value L −3 (2) . However, the irrationality of L −3 (2) is still an open problem.
ÓÖÓÐÐ ÖÝ 2.1º Let p(n) ∈ Q[n], deg p(n) ≤ 3, q(n) := 8n
3 + 36n 2 + 46n + 15 and q be a real algebraic number with q >
Example 2.5.
Proofs

P r o o f o f T h e o r e m 2.1. Using the integral representation in (3) we get
where the interchange of the integral and the infinite summation in
follows easy. It suffices to consider that for M, N ∈ N, M < N,
For |q| > (14) can be made arbitrarily small, independent of x ∈ [0, 1]. Finally, the simplification of the last integral gives immediately the formula (4).
The proof of (5) uses the same technique and the formula in (2). 
we obtain for q > 1 4
The evaluation of the last integral is based on the evaluation of the integral
where ln z, z ∈ C \ {0}, is defined by ln z := ln |z| + i · arg z with −π < arg z ≤ π. This can be verified by the fact that
Hence, for q > + ln(t 2 + 1)
It is easy to see that
, with q > 1 4 , the situation is more complicated. Set
we obtain
which can be simplified using the identities for η i , 1 ≤ i ≤ 4, as follows
We deduce that
This leads to
+ ln(t 2 + 1)
Finally, this can be used for the evaluation of the infinite series φ 1 (q) in the following way
This completes the proof of (7). The proof of the identity (8) is based on the same technique and it uses the obvious differential equation φ 1 (q)−φ 2 (q) = 2q H n (1) q n 2n n · (8q − 2)n 2 + (32q − 7)n + 30q − 5 8n 3 + 36n 2 + 46n + 15 (17) 
